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We examine Ralph’s equivalent circuit model of D-CTCs, which was proposed to derive Deutsch’s
maximum entropy rule of D-CTCs. By constructing counterexamples we show that the equivalent
circuit model does not always reproduce the unique fixed state with the maximal von Neumann
entropy. We speculate that the equivalent circuit model remains the correct description of D-CTCs
and it can reproduce a revised maximum entropy rule of D-CTCs. We also suggest that the revised
maximum entropy rule may eliminate the discontinuous quantum evolutions of D-CTCs.
I. INTRODUCTION
Closed timelike curves (CTCs) bring many new fea-
tures in quantum information processing, such as state
cloning, discrimination of non-orthogonal states, vio-
lation of Heisenberg’s uncertainty relationship and in-
formation processing power beyond standard quantum
mechanism[1][2][3]. There exist two popular but inequiv-
alent models of CTCs, Deutch’s D-CTCs and Lloyd’s
P-CTCs. But both of them suffer from paradoxes due
to either dynamical consistency problems or information
paradoxes[4][5].
This paper will address the uniqueness ambiguity prob-
lem of D-CTCs, which is the origin of the information
paradoxes of D-CTCs.
In the standard quantum circuit form of D-CTCs[6],
we have both the qubits that can travel back in time
through CTCs called chronology violating (CV) qubits
and those do not travel back called chronology respect-
ing (CR) qubits. The CV and CR systems interact with
each other by an unitary quantum interaction U . Then
Deutsch’s consistent solution of the CV system is deter-
mined by
τCV = DU (ρ
in
CR, τCV ) = TrCR(U(ρ
in
CR ⊗ τCV )U†) (1)
and the output of the CR system is given by
ρoutCR = TrCV (U(ρ
in
CR ⊗ τCV )U†) (2)
Deutsch proved that at least one consistent solution
of Eq. (1) exists for every U and ρinCR in the form of a
density operator, which is
D∞U (ρ
in
CR, τ
0
CV ) = lim
n→∞
1
n+ 1
n∑
k=0
DkU (ρ
in
CR, τ
0
CV ) (3)
where DkU (ρ
in
CR, τ
0
CV ) is defined to be k consecutive ap-
plications of the interaction U .
The consistent solution Eq. (3) may be dependent on
τ0CV and therefore it may not be unique. This uniqueness
ambiguity leads to the information paradox such as the
unproven theorem paradox.
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To eliminate this ambiguity, Deutsch’s maximum en-
tropy rule of D-CTCs suggests that one should choose the
consistent solution τCV with the maximal von Neumann
entropy. The existence of such a solution is guaranteed
so that the uniqueness ambiguity can be resolved. But
there is no physical principle for making such a choice
and the maximum entropy rule may not be an essential
component of the D-CTCs.
One way to resolve the uniqueness ambiguity of D-
CTCs was proposed by Allen in [5], where some noise is
incorporated along the path of the CV system by a new
quantum channel N so that the consistency condition of
the modified circuit is given by
τCV = NDU (ρ
in
CR, τCV ) = N(DU (ρ
in
CR, τCV ))
= pICV + (1− p)TrCR(U(ρinCR ⊗ τCV )U†) (4)
where N is modeled by a depolarization channel with
0 < p < 1 and ICV is the maximally mixed state of the
CV system. It was proven that the addition of noise to
CV system can solve the uniqueness ambiguity without
the maximum entropy rule[5]. Using Eq.(3), the unique
fixed CV system state is τ0CV independent given by
ND∞U (ρ
in
CR, τ
0
CV ) = lim
n→∞
1
n+ 1
n∑
k=0
NDkU (ρ
in
CR, τ
0
CV )
(5)
An alternative strategy is Ralph and Myers’s equiva-
lent circuit model[4] of D-CTCs, which attempts to derive
the maximum entropy rule and resolve the uniqueness
ambiguity of D-CTCs. The equivalent circuit model of
D-CTCs with an unitary interaction U is constructed by
unwrapping the D-CTC circuit and letting the CV sys-
tem experience an infinite number of unitary interaction
U with perfect clones of the CR system along time[4][5],
as outlined in Fig. 1.
In the equivalent circuit, the CV system state τn−1CV
evolves with the nth ladder of the equivalent circuit as
τnCV = DU (ρ
in
CR, τ
n−1
CV ) = TrCR(U(ρ
in
CR ⊗ τn−1CV )U†) (6)
The output of the equivalent circuit, given in Eq. (7),
is obtained by executing an infinite ladder of the circuit
starting from an initial CV state τ0CV .
τoutCV (τ
0
CV ) = lim
n→∞D
n
U (ρ
in
CR, τ
0
CV ) (7)
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FIG. 1. The equivalent circuit model of D-CTCs. (a)The D-
CTC model with an unitary operation U , an initial CR input
ρinCR and a CR output ρ
out
CR. The CV system converges to τCV
according to the consistency condition of D-CTCs; (b)The
equivalent circuit model of the D-CTC system, where the D-
CTC circuit is unwrapped into an infinite number of identical
ladders of the operation U between τnCV and ρ
in
CR[4].
Similar with the strategy of Allen[5], the equivalent
circuit model attempts to solve the uniqueness ambiguity
by introducing an arbitrary small decoherence interaction
N on the CV system in each iteration of the model. With
the decoherence interaction, Eq.(6) becomes
τnCV = N(DU (ρ
in
CR, τ
n−1
CV ))
= (1− p)DU (ρinCR, τn−1CV ) + pICV (8)
where 0 < p 1 is a small value to control the strength
of the decoherence interaction.
Accordingly the output CV system state is now
τCV (U, ρ
in
CR, τ
0
CV )
= lim
n→∞[(1− p)
nDnU (ρ
in
CR, τ
0
CV )
+
n−1∑
k=0
p(1− p)kDkU (ρinCR, ICV )] (9)
Ralph and Myers[4] claimed that Detusch’s maximum
entropy rule can be derived from their model based on
the following observations:
• Non-unique solutions in the D-CTC model corre-
spond to equivalent circuits that are sensitive to
initial conditions of the CV system, τ0CV .
• An inclusion of an arbitrarily small decoherence
in the equivalent circuit leads to the convergence
of the CV system to a unique solution that corre-
sponds to Deutsch’s maximum entropy state.
• The unique maximum entropy state is obtained
from the equivalent circuit as D∞U (ρ
in
CR, ICV ) by
considering idealized unitaries but starting the it-
eration from the maximally mixed CV state ICV .
But the above statements were challenged by Allen in
[5]. He noticed that the equivalent circuit does not always
converge when there is no decoherence interaction. This
point was demonstrated by a counterexample in [5]. Also
the proof of [4], employed to derive the maximum entropy
rule from the equivalent circuit model, is not exact or at
least not complete. The key flaw of the proof is that it
allows every state τCV to be a fixed point[5], which is
definitely not true.
To this point, we have three pictures of D-CTCs.
Deutsch’s Picture: The CV system has consistent so-
lutions in the form of Eq.(3). When multiple solu-
tions exist, Deutsch’s maximum entropy rule is ap-
plied to resolve the uniqueness ambiguity and the
CV state is the maximum entropy state.
Allen’s picture: The CV system also has consistent so-
lutions given by Eq.(3). When multiple solutions
exist, incorporating noise in the CV system as in
Eq.(4) results in a unique solution given by Eq.(5)
and the maximum entropy rule is not needed.
Ralph’s picture: The CV system can have fixed states
as given by Eq.(7). The uniqueness ambiguity can
be resolved by introducing an arbitrary small deco-
herence in the CV system (Eq.(8)). This leads to
the unique fixed state Eq.(9), which is claimed to
coincide with Deutsch’s maximum entropy state.
In this paper, we will prove
• These three pictures are not equivalent.
• Deutsch’s maximum entropy rule can not be repro-
duced by Ralph’s or Allen’s pictures.
• A revised maximum entropy rule can be derived
from Ralph’s equivalent circuit model.
• The revised maximum entropy rule may restore
continuous quantum evolutions of D-CTCs.
II. COMPARISONS OF THE THREE
PICTURES OF D-CTCS
Before our discussion on the relationship among the
pictuers, we first clarify the following observations:
• Eq.(3)(5)(9) can be guaranteed to converge when
n→∞, which can be easily proven using Cauchy’s
criteria of convergence.
• For a given system setup U, ρinCR, τ0CV , p, Allen
proved that Eq.(5) converges to a unique τ0CV inde-
pendent state for almost any 0 < p < 1 except for
the case that (1 − p)−1 is an eigen value of DU [5].
Similarly, Eq.(9) also converges to a τ0CV indepe-
dent state at
∑∞
k=0 p(1− p)kDkU (ρinCR, ICV ) for any
0 < p < 1. We can also verify, for a given p that
Eq.(5) converges, it will lead to the same unique
fixed point as Eq.(9).
3• The converged fixed state of Eq.(5) and Eq.(9) is
p dependent. It fulfills the consistency condition of
Eq.(1) when p→ 0.
Among the three pictures of D-CTCs, Ralph’s equiv-
alent circuit model possesses the least physical structure
ambiguity by apparently unwrapping the CTC path. So
we can examine their relationship by taking Ralph’s pic-
ture as a reference. We can check if the other two pic-
tures can be derived from Ralph’s picture with system
parameters U, ρinCV , τ
0
CV , p.
Case 1: When the fixed CV system state of Ralph’s pic-
ture is unique even without the decoherence inter-
action, i.e. Eq.(7) converges to a unique τ0CV inde-
pendent state, it can be verified that Eq.(3)(5)(7)
converge to the same unique consistent CV solu-
tion. So we have no uniqueness ambiguity and the
three pictures are equivalent. The subspace of uni-
tary operations that may violate this uniqueness
assumption is of measure zero[5].
Case 2: If the equivalent circuit model have multiple
fixed CV states when no decoherence is applied,
then Eq.(7) always converges but it’s τ0CV depen-
dent. Under this assumption, all the three pictures
have the same multiple fixed CV states and they
suffer from the same uniqueness ambiguity prob-
lem. The three pictures are equivalent if we do not
consider their different strategies to eliminate the
uniqueness ambiguity.
Case 3: This is the case that the equivalent circuit
model does not converge without the decoherence
interaction, as pointed out by Allen[5]. It’s inter-
esting that though Eq.(7) does not converge, still
Deutsch and Allen’s pictures have the same con-
verged fixed CV state as given by Eq.(3). Obvi-
ously, in this case, Deutsch and Allen’s pictures
are identical but different with Ralph’s picture. We
also point out here that even Eq.(7) does not con-
verge, introducing a small decoherence to the equiv-
alent circuit model will lead to a convergent state
given by Eq.(9).
We illustrate this situation by considering a D-CTC
system, in which the CR system is a single qubit
and the CV system is a 4-level system. The unitary
operation U1 is given by
U1 = |00〉〈01|+ |10〉〈02|+ |02〉〈03|+ |03〉〈00|
+ |01〉〈10|+ |11〉〈11|+ |12〉〈12|+ |13〉〈13| (10)
If the input CR system state is ρinCR = |0〉〈0|, with-
out the decoherence interaction, Ralph’s equiva-
lent circuit model may never converge. For exam-
ple, if the initial CV system state is the maximally
mixed state ICV , then τCV = D
∞
U (|0〉〈0|, ICV ) will
be in a circulation among three states given by
τn−1CV = Diag(
1
2 , 0,
1
4 ,
1
4 ), τ
n
CV = Diag(
1
4 , 0,
1
4 ,
1
2 ),
τn+1CV = Diag(
1
4 , 0,
1
2 ,
1
4 ). But in Allen’s picture,
Eq.(3), 1n+1
∑n
k=0 τ
k
CV still converges to the maxi-
mum entropy state τCV = Diag(
1
3 , 0,
1
3 ,
1
3 ) when
n→∞. So Allen’s picture and Ralph’s picture are
not equivalent in this case.
Case 4: We now consider how the uniqueness ambiguity
can be resolved in the three pictures. We ask the
following questions:
• Can the uniqueness ambiguity be resolved suc-
cessfully in each picture?
• Will the three strategies arrive at the same
unique consistent CV state so that the maxi-
mum entropy rule in Deutsch’s picture can be
reproduced from Allen and Ralph’s pictures?
Answers to our first question is straightforward.
For Deutsch’s picture, the existence and unique-
ness of the consistent maximum entropy state is
ensured[6]. For Allen and Ralph’s pictures, by
introducing noise or decoherence to the CV sys-
tem, Eq.(5) and Eq.(9) will converge to the same
unique CV state for almost all 0 < p < 1 and the
converged unique CV state fulfills the consistency
condition of Eq.(1) if p → 0 as we claimed be-
fore. For example, in our example system Eq.(10),
if noise or a decoherence interaction is applied,
then both Allen and Ralph’s pictures will converge
to τCV = Diag(
1
3 , 0,
1
3 ,
1
3 ), which coincides with
Deutsch’s maximum entropy state. Therefore the
uniqueness ambiguity can be resolved successfully
in all the three pictures, Allen and Ralph’s pic-
tures are almost equivalent to each other except
for the case when Allen’s picture does not converge
for some special values of p.
To answer the second question, we consider another
D-CTC system with a 1-qubit CR system and a 4-
level CV system. The unitary operation U2 is now
U2 = |10〉〈00|+ |00〉〈01|+ 1√
2
(|02〉+ |13〉)〈02|
+
1√
2
(|03〉+ |12〉)〈03|+ |11〉〈10|+ |01〉〈11| (11)
+
1√
2
(|13〉 − |02〉)〈12|+ 1√
2
(|03〉 − |12〉)〈13|
When the input CR state is ρinCR = |0〉〈0|, there
exist at least two consistent CV states, which are
τout1AV =
1
2 |0〉〈0|+ 14 |2〉〈2|+ 14 |3〉〈3| with a von Neu-
mann entropy of 1.5 bits and τout2CV =
1
3 |0〉〈0| +
1
3 |2〉〈2| + 13 |3〉〈3| with a von Neumann entropy of
1.585 bits. τout2CV is the maximum entropy state for
the fixed ρinCR = |0〉〈0| and U2.
We can easily verify that
• Taking the initial CV system state as the max-
imal mixed state τ01CV =
1
4 (|0〉〈0| + |1〉〈1| +|2〉〈2| + |3〉〈3|), the equivalent circuit model
4will converge to the non-maximum entropy
fixed state τout1CV , no matter if a small deco-
herence is at present or not.
• Interestingly, the equivalent circuit model
starting from the initial CV state τ02CV =
1
3 |0〉〈0|+ 13 |2〉〈2|+ 13 |3〉〈3| will converge to the
maximum entropy state τout2CV without the de-
coherence. But it still converges to the non-
maximum entropy state τout1CV when a small de-
coherence exists in each iteration of the equiv-
alent circuit model.
For the case of ρinCR = |0〉〈0|, we can draw the fol-
lowing conclusions
• The maximum entropy state τout2CV is unstable
with respect to the decoherence interaction of
the equivalent circuit model and it can only be
reached by the equivalent circuit model with-
out any decoherence.
• The non-maximum entropy state τout1CV is sta-
ble and the maximum entropy state is prone to
collapse to τout1CV when the decoherence inter-
action is introduced in the equivalent circuit
model.
• The maximum entropy state τout2CV is not gen-
erated from the maximally mixed CV system
state τ0CV = ICV .
• The equivalent circuit model with the deco-
herence interaction does not always reproduce
the maximum entropy rule of D-CTCs in this
example.
In order to further clarify that the equivalent cir-
cuit model of our example system does not only
fail to reproduce the maximum entropy rule for the
special case ρinCR = |0〉〈0|, we carried out a simu-
lation study on the equivalent circuit model with
different CR input states ρinCR and random initial
CV system states τ0CV . From the simulation results
in Fig. 2, we see that
• For all the different pure and mixed input CR
system states in our simulation, there exist
multiple fixed states of the CV system. Intro-
ducing a small decoherence interaction does
lead to a unique fixed state of τCV for each
fixed input CR system state ρinCR.
• For each given ρinCR, there exist some initial
states τ0CV (shown by the data points above
the diagonal blue lines in Fig. 2) so that the
equivalent circuit model with the decoherence
will not converge to the maximum entropy CV
state, since the correspondent fixed state with-
out the decoherence interaction has a larger
von Neumann entropy.
Our counterexample can also help to confirm
Allen’s suspicion[5] on the incompleteness of
(a) (b)
FIG. 2. Simulation results of the equivalent circuit model
of a D-CTC system with the unitary operation U2. The de-
coherence factor p is taken as p = 0 for the case of no de-
coherence and p = 0.01 for a small decoherence case. For
each given input state of ρinCR, 1000 random initial states τ
0
CV
are simulated, which are fed to the equivalent circuit model
for 10000 iterations to reach converged τCV states. For each
data point, its x axis and y axis give the von Neumann en-
tropy of the converged CV state for p = 0 and p = 0.01
respectively. The data points above the diagonal blue lines
indicate the cases that the maximum entropy states can not be
reproduced by the equivalent circuit model with a small deco-
herence. (a)The von Neumann entropies of the converged CV
system outputs using the equivalent circuit model with mixed
CR states ρinCR =
1
1+s
(|0〉〈0| + s|1〉〈1|), s = 0, 0.1, 0.2, ...1
(from left to right) and random initial CV states. (b)The
von Neumann entropies of the converged CV system outputs
of the equivalent circuit model with pure CR input states
ρinCR =
1
1+s2
(|0〉 + s|1〉)(〈0| + s〈1|), s = 0, 0.1, 0.2, ...1 (from
right to left) and random initial CV states.
Ralph’s work in [4], where the convergence of the
equivalent circuit model (Eq. (7)) is represented by
a Kraus decomposition as
τoutCV (τ
0
CV ) = lim
n→∞D
n
U (ρ
in
CR, τ
0
CV )
=
∑
j
Ejτ
0
CV E
†
j (12)
1 =
∑
j
E†jEj (13)
Then as a fixed point of the equivalent circuit
model, τoutCV (τ
0
CV ) =
∑
j Ejτ
0
CV E
†
j fulfills∑
j
Ejτ
0
CV E
†
j =
∑
j,k
EjEkτ
0
CV E
†
kE
†
j (14)∑
j,k
EjE
†
kEkτ
0
CV E
†
j =
∑
j,k
EjEkτ
0
CV E
†
kE
†
j (15)
Ralph then claimed that Eq.(14) implies
[Ejτ
0
CV , E
†
j ] = 0 (16)
This is the key component for the deduction of the
maximum entropy role from the equivalent circuit
model in [4].
Allen questioned the validness of Eq.(16) but he
did not give an explicit counterexample of it[5].
5With our second example, it can be verified that
for ρinCR = |0〉〈0|, the equivalent circuit model
converges and the correspondent Kraus operators
{Ej}, j = 1, 2, 3, 4 are given by
E1 =
 1 0 0 00 0 0 00 0 0 0
0 0 0 0
E2 =
 0 1 0 00 0 0 00 0 0 0
0 0 0 0
 (17)
E3 =

0 0 0 0
0 0 0 0
0 0 1√
2
0
0 0 0 1√
2
E4 =

0 0 0 0
0 0 0 0
0 0 0 1√
2
0 0 1√
2
0
 (18)
Obviously, Eq.(16) does not hold for {Ej}, j =
1, 2, 3, 4 and Ralph’s derivation of Deutsch’s maxi-
mum entropy role from the equivalent circuit model
is wrong.
III. REVISED MAXIMUM ENTROPY RULE
AND DISCONTINUOUS QUANTUM
EVOLUTIONS IN D-CTCS
Though our explicitly constructed examples tell us
that the equivalent circuit model is not identical with
Deutsch’s D-CTC model, this does not necessarily mean
that the equivalent circuit model is not the proper model
of D-CTCs and therefore should be abandoned. Instead,
we even incline to assign this inconsistency between them
as a hint that the original D-CTC model is not exact or
realistic because
• In our second example, the maximum entropy state
τout2CV can only be achieved by the equivalent circuit
model with no decoherence interaction. But the de-
coherence is inevitable and therefore the maximum
entropy state is unstable. A realistic system with
a decoherence interaction will converge to a sta-
ble maximum entropy state instead of an unstable
maximum entropy state.
• The equivalent circuit model has succeeded in help-
ing us to clarify the properties of D-CTCs deal-
ing with proper and improper mixtures such as the
linear trap argument of [7] for the non-orthogonal
states discrimination[4]. This point was also par-
tially supported by simulated experiments on D-
CTCs[8].
• It’s observed in [9] that it’s impossible to purify a
mixed CV state in D-CTCs. In Ralph’s picture,
this can be intuitively explained as that the CV
system can be entangled with an infinite number of
copies of the CR system by iteratively applying the
unitary interaction U in the equivalent circuit (see
Fig. 1). Therefore the mixed CV state can only be
purified by an infinite sized ancillary system and
the universal ’Chruch of the larger Hilbert space’
does not exist.
So we speculate that as a heuristic rule to describe the
behaviour of D-CTCs, the maximum entropy rule of D-
CTCs can be modified as: When multiple fixed states
of the CV system exist, the D-CTCs will choose
the stable maximum entropy state determined by
Ralph’s equivalent circuit model with a decoher-
ence interaction. But the final fixed CV state
might be decoherence interaction dependent.
Now we use our revised maximum entropy rule to
resolve discontinuous quantum evolutions of D-CTCs,
which is regarded as one essential property of D-CTCs.
In [10] an explicit example was constructed to demon-
strate that D-CTCs allow both ephemerally and physi-
cally discontinuous gates. Here we show that both the
discontinuities on the CV and CR systems may be elim-
inated by our revised maximum entropy rule.
We examine the same example of [10], where the CR
system includes 2 qubits as ρinCV = ρα ⊗ ρβ and the CV
system is a single qubit. The unitary operator is given
by
U = |000〉〈100|+ |001〉〈001|+ |010〉〈011|+ |011〉〈010|
+ |100〉〈000|+ |101〉〈110|+ |110〉〈101|+ |111〉〈111|
For three CR system states ρACV , ρ
B
CV , ρ
C
CV , where
(ρAα )11 = 1, (ρ
A
β )11 = 1 − β , ρBα = ρBβ = |0〉〈0| and
(ρCα )11 = 1 − α, (ρCβ )11 = 1 with 0 < α, β  1
, the correspondent consistent CV system states are
τACV = {τCV |(τCV )12 = 0}, τBCV = 12 (|0〉〈0| + |1〉〈1|)
and τCCV = |0〉〈0|. Then as α, β → 0, the three ini-
tial CR states are arbitrary close but the correspondent
CV system states are discontinuous. When Deutsch’s
maximum entropy rule is applied, the discontinuity be-
tween τACV and τ
B
CV can be eliminated as τ
A
CV = τ
B
CV =
1
2 (|0〉〈0|+ |1〉〈1|), but there remains a discontinuity with
τCCV at α = 0.
By our revised maximum entropy rule, the consistent
CV state should be the stable maximum entropy state
determined by the equivalent circuit model with an deco-
herence interaction. We show this will result in continu-
ous quantum evolutions of both the CR and CV systems.
We choose the initial CR system states at mixed states
ρα = Diag(1−α, α), ρβ = Diag(1−β , β) or pure states
ρα = (
√
1− α|0〉 +√α|1〉)(
√
1− α〈0| +√α〈1|), ρβ =
(
√
1− β |0〉+√β |1〉)(
√
1− β〈0|+√β〈1|). Obviously
a subset of ρACV , ρ
B
CV , ρ
C
CV are special cases of these con-
figurations. The von Neumann entropies of the consis-
tent CV system states for 0 ≤ α, β ≤ 1 are reported
in Fig. 3. We can see that the abrupt discontinuity
between τBCV (α = β = 0) and τ
C
CV (α 6= 0, β = 0)
with Deutsch’s maximum entropy rule is now replaced
by continuous evolutions with our revised maximum en-
tropy rule. Furthermore, a direct computation of Eq.(9)
on ρinCV = ρα ⊗ ρβ with
ρα =
[
1− α δα
δ∗α α
]
, ρβ =
[
1− β δβ
δ∗β β
]
(19)
6(a) (b)
(c) (d)
FIG. 3. von Neumann entropy of the unique consistent CV
system state determined by the revised maximum entropy
rule generated from Ralph’s equivalent circuit model of D-
CTCs. The smooth surfaces of von Neumann entropy demon-
strate that continuous quantum evolutions are restored in D-
CTCs. (a)(b)Initial CR system states are pure states and
p = 0.1, 0.001; (c)(d)Initial CR system states are mixed states
and p = 0.1, 0.001.
results in continuous evolutions of both the CR and CV
systems with respect to α, δα, β , δβ and p > 0. Thought
we do not give a complete proof of this point, the above
example strongly suggests continuous evolutions of D-
CTCs may be restored by Ralph’s equivalent circuit
model if an arbitrarily small decoherence interaction is
involved.
IV. CONCLUSIVE REMARKS
In this paper we examined the relationship between
Deutsch’s maximum entropy rule and Ralph’s equivalent
circuit model of D-CTCs. We first proved the conver-
gency of the equivalent circuit model when an arbitrary
small decoherence interaction is introduced in the model.
Then by constructing explicit examples, we demon-
strated that there exist D-CTC systems whose equivalent
circuit models do not exactly reproduce Deutsch’s maxi-
mum entropy rule and therefore confirmed the suspicion
of [5] on the incompleteness of the proof of [4]. Based
on these observations, we claim that Ralph’s equivalent
circuit model will lead to a revised maximum entropy
rule. We also suggest that the revised rule might restore
continuous quantum evolutions with D-CTCs.
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